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ABSTRACT

The production function plays a role in many business disciplines, but has its genesis in economics. This
paper provides an overview of the history and role of the production function in economics. The origin
and development of this function over time is initially explored. Several different production functions
that have played an important historical role in economics are explained. These consist of some well
known functions such as the Cobb-Douglas, Constant Elasticity of Substitution, Generalized and Leontief
production functions. This paper also covers some not so popular functions such as the Arrow, Chenery,
Minhas, and Solow (ACMS) function, the transcendental logarithmic and other flexible forms of the
production function. Also explained here are several of the important characteristics of production
functions in general. These would include, but are not limited to, items such as the returns to scale of the
function, the separability of the function, the homogeneity of the function, the homotheticity of the
function, the output elasticity of factors (inputs) and the degree of input substitutability that each function
exhibits. Also explored are some of the duality issues that potentially exist between certain production
and cost functions. The information contained in this paper could act as a pedagogical aide in any
microeconomics based course especially at the intermediate undergraduate level or graduate level.

INTRODUCTION

Production is one of the main focuses in economics. Production theories have existed long before Adam
Smith, but were only refined during the late 19" century. When concerned with a one output firm the
production function is a very simple construct. It explains the technology available to a firm. It tells us the
maximum quantity of an output that can be produced using various combinations of inputs given certain
knowledge. We can think of the production function as a type of transformation function where inputs are
transformed into output. There are also production sets and input requirement sets that are closely related
to the production function, but they will be ignored in this paper. In principles of economics courses we
normally assume that only two inputs exist, labor and capital, this is for pedagogical simplicity only. In
most production cases there exist many different types of inputs that are instrumental in the production
process. As we will see later in this paper, many of the production functions developed can be extended to
a multi-input scenario.

In economics a big deal is made over the difference between the short run and long run. In some business
disciplines, such as finance, a short term asset is considered one that has a maturity of a year or less and a
long term asset is one with a maturity greater than a year. In economics calendar time is not relevant in
production theory. Time periods are dealt with in the following manner. The short run is considered that
time period where at least one input used in the production process is fixed. This means that it cannot be
increased nor decreased. The long run is considered that time period where all inputs are variable, no
inputs are fixed. We will ignore the case of a quasi-fixed input. When using the simple case where only
capital and labor are used it is customary to assume that capital is fixed in the short run, thus only labor
can be used to change the selected level of output. The normal graphical aid used in showing this
relationship is entitled a total product curve where product is short for the quantity of production. When
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we enter into the long run production isoquants indicating various levels of output take the place of the
role played by the total product curve.

Several types of production functions exist. One way to categorize them is they are either fixed or flexible
in form. Other common properties that can be categorized are also very important in economics. These
include the type of returns to scale a production function exhibits, the elasticity of substitution and
whether or not it is constant across output levels, the homogeneity, the homotheticity and the separability
of the functions.

HISTORY

Economics did not begin to become a separate discipline of academic study until at least the time of
Adam Smith. Even then it was thought of in more general terms than we think of the discipline today. The
history before Adam Smith is not deficient of economic writings though. Various Roman and Greek
authors have addressed many issues in economics included cursory attention to production and
distribution. The Scholastics, including Saints Augustine and Thomas Aquinas, also devoted substantial
time to economic matters including discussion and inquiries into production. Several authors associated
with the Mercantilist and Physiocratic schools of thought also paid even more careful attention to matters
of production in the economy. For example, Anne Robert Jacques Turgot, a member of the Physiocrats,
is credited with the discovery around 1767 of the concept of diminishing returns in a one input production
function. Of course Adam Smith himself devoted much time to issues concerning productivity and
income distribution in his seminal 1776 book The Wealth of Nations.

The Classical economists who immediately followed Smith expanded on his work in the area of
production theory. In 1815 Thomas Malthus and Sir Edward West discovered that if you were to increase
labor and capital simultaneously then the agricultural production of the land would rise but by a
diminishing amount. They both in effect rediscovered the concept of diminishing returns. David Ricardo
later adopted this result in order to arrive with his theory of income distribution when writing his
economic classic the Principles of Political Economy. The Marginalists also dabbled in the area of
production. During the late 1800’s W. Stanley Jevons, Carl Menger and Leon Walras all incorporated
ideas of factor value into their writings. What these early post-Smith economists all had in common is
that they all used production functions that were in fixed proportions. In other words the capital to labor
ratios were not allowed to change as the level of output changed. Although interesting, in practice most
production functions probably exhibit variable proportions.

In the 1840’s J. H. von Thunen developed the first variable proportions production function. He was the
first to allow the capital to labor ratio to change. Von Thunen noticed that if we were to hold one input
constant and increase the other input then the level of output would rise by diminishing amounts. In other
words he applied the concept of diminishing returns to a two input, variable proportions production
function for the first time. An argument could definitely be made that he is the original discoverer of
modern marginal productivity theory. His work never received the attention it deserved though. Instead
during 1888 American economist John Bates Clark received credit for being the founder of marginal
productivity theory based on his speech at the American Economic Association meetings that year.
Shortly after in 1894 Philip Wicksteed demonstrated that if production was characterized by a linearly
homogeneous function (in other words one that experiences constant returns to scale) then with each input
receiving its marginal product the total product would then be absorbed in factor payments without any
deficit or surplus. Around the turn of the century Knut Wicksell produced a production function very
similar to the famous Cobb-Douglas production function later developed by Paul Douglas and Charles W.
Cobb. Unfortunately this was never published in any academic journal and thus he never received any
credit for the development of what Cobb and Douglas rediscovered in 1928.
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In 1937 David Durand built upon the popular Cobb-Douglas production function. The Cobb-Douglas
function assumed an elasticity of scale equal to one. In other words the exponents in their function
summed to one. Durand assumed fewer restrictions on the values of the exponents. He allowed for their
sum to be less than, greater than or equal to one. This meant the elasticity of scale was no longer restricted
to one. The production function could now exhibit increasing or decreasing returns to scale in addition to
constant returns to scale.

One other restriction on the Cobb-Douglas production function involved the elasticity of substitution. It
assumed the value for this elasticity was equal to unity. In 1961, Kenneth Arrow, H.B. Chenery, B.S.
Minhas and Robert Solow developed what became known as the Arrow-Chenery-Minhas-Solow or
ACMS production function. Later in the literature this became known as the constant elasticity of
substitution or CES production function. This function allowed the elasticity of substitution to vary
between zero and infinity. Once this value was established it would remain constant across all output
and/or input levels. The Cobb-Douglas, Leontief and Linear production functions are all special cases of
the CES function. In 1968 Y. Lu and L.B. Fletcher developed a generalized version of the CES
production function. Their variable elasticity of substitution function allowed the elasticity to vary along
different levels of output under certain circumstances.

Recently there have been many developments with flexible forms of production functions. The most
popular of these would be the transcendental logarithmic production function which is commonly referred
to as the translog function. The attractiveness of this type of function lies in the relatively few restrictions
placed on items such as the elasticity of scale, homogeneity and elasticity of substitution. There are still
problems with this type of function however. For example, the imposition of separability on the
production function still involves considerable restrictions on parameters which would make the function
less flexible than originally thought. The search for better, more tractable production functions continues.

CHARACTERISTICS OF PRODUCTION FUNCTIONS

In explaining some of the history regarding production functions we mentioned several characteristics
that these functions possess. In this section several of the important characteristics will be explained. The
first one that will be covered is the duality between the production function and the cost function. For
well behaved functions we can produce a cost function from a production and vice versa. This is
important due to the fact that production functions are much harder to estimate econometrically than cost
functions. Cost functions depend on factor prices and output levels which are relatively easy to observe.

Another key characteristic of production functions relate to homogeneity and homotheticity. All
homogeneous functions are homothetic, but not all homothetic functions are homogeneous. Homogeneity
can be of differing degrees. In economics we typically work with functions that are homogeneous of
degree zero or one. If a production function is shown to be homogeneous of degree k then the first partials
of that function would be homogeneous of degree k-1. For example, if we have a production function
exhibiting linear homogeneity (degree one) then the marginal product functions would be homogeneous
of degree zero meaning that they are functions of the relative amounts of inputs, but not the absolute
amount of any one input used in the production process. Homogeneity also implies that the isogquant
curves will be radial blowups of one another. In essence the curves will be parallel to one another, thus if
a ray was constructed from the origin the slope of the isoquants along that ray would all be the same. The
famous Euler’s Theorem also follows from the assumption of homogeneity. The more general
homotheticity has an even more important role in economics. Since all homogeneous functions are
homothetic everything just stated above would hold true for homothetic functions as well. Homothetic
production functions imply that the output elasticities for all inputs would be equal at any given point.
This common value can be represented by the ratio of marginal cost to average cost. Firms with
increasing average cost would have output elasticity values greater than one; firms with decreasing
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average cost would have output elasticities less than one. Under the assumption of homotheticity all
inputs would have to be normal.

Separability is another key potential feature of a production function. Not all production functions can be
viewed as being separable. Many production processes use many more than two inputs. This makes
studying such a multi-input function rather difficult. It would be beneficial if we could break the
production process down into various stages where intermediate inputs are produced and then combined
with other intermediate inputs to produce the final output. If we can specify these separate production
functions then the technology is assumed to be separable. This separability feature has many valuable
implications for an economist including the fact that its presence greatly reduces the number of
parameters to be analyzed in an applied economic analysis of cost or production functions.

CONCLUSION AND SUMMARY
This paper has outlined some of the historically important evolutions in the production function. We saw
that writings regarding production began well before Adam Smith contributed his thoughts on the subject
and they continue today in full force.

Production plays a major role in any principles of economics class. One of the first graphs an
undergraduate student is introduced to is the production possibilities frontier. Shortly thereafter the
production function is introduced along with discussions of diminishing returns and returns to scale. At
the intermediate level of micro and macroeconomics production plays an even more important role. Here
is where isoquants and isocost lines are normally introduced as well as topics such as the expansion path
and perhaps homogeneity. At the graduate level a more mathematical treatment of the production function
is given with careful attention on the various structures of such a function. The relationship of the
production function to the cost function is also thoroughly explored at the graduate level.

This paper can also serve as a type of pedagogical aide. It serves as a rough outline of the history behind
the production function as well as serving as a listing of some of the more important topics dealt with in
production theory.
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